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Field Theoretic CAD of Open or Aperture Matched
T-Junction Coupled Rectangular Waveguide
Structures

Thomas Sieverding and Fritz Arndt, Senior Member, IEEE

Abstract—The rigorous computer-aided design of rectangu-
lar waveguide structures is described which are coupled by open
or rectangular iris loaded E- or H-plane T-junctions. The de-
sign theory is based on the full wave mode-matching method
for the key-building block T-junction element associated with
the generalized S-matrix technique for composite structures.
The waveguide structures may be arbitrarily composed of the
T-junction and already known Kkey-building block elements
(such as the double step and the septum discontinuity) com-
bined with homogeneous waveguide sections between them. The
E- or H-plane T-junction effect, large apertures, finite iris or
septum thicknesses and higher order mode interactions at all
step discontinuities are rigorously taken into account. Typical
design examples, like rectangular iris coupled T-junctions,
narrow-stopband waveguide filters, high return loss E-plane
T-junction diplexers, an elliptic function E-plane integrated
metal insert filter and a simple ortho-mode transducer dem-
onstrate the efficiency of the method. The theory is verified by
measurements.

I. INTRODUCTION

HE OPEN or aperture-coupled T-junction is a fun-

damental circuit element [1]-[8] in rectangular wave-
guide structures which is applied extensively for many
components, such as for the design of bandstop-filters [2],
manifold multiplexers [4], or couplers [5]. Many refined
theories are available [1], [2], [4]-[8] for deriving the
corresponding equivalent circuit elements. However, the
increasing demand for compact and low-cost components
as well as the growing interest in the millimeter wave fre-
quencies have prompted the need for more accurate meth-
ods which take adequately into account the junction ef-
fect, large apertures, their finite thickness, and the higher-
order mode interactions of all discontinuities involved.
Moreover, the availability of high-precision fabrication
techniques requires design methods without the necessity
for additional ‘‘trial-and-error’’ adjustment aids like tun-
ing screws. Although an exact calculation for the rectan-
gular waveguide T-junction equivalent circuit parameters
is available for a long time [3], no rigorous analysis for
the general rectangular aperture-coupled T-junction, as
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Fig. 1. A class of waveguide components where the structures or filter
sections are combined by open or aperture-coupled T-junctions: (a)
T-junction with sidearm of reduced cross-section dimension. (b) Aperture-
coupled T-junction. (c) Bandstop resonator cavity filter. (d) E-plane inte-
grated circuit filter with additional aperture-coupled bandstop cavities. (¢)
E-plane T-junction diplexer with iris matching elements. (f) Simple ortho-
mode transducer. .

well as for the components utilizing this circuit element,
has been derived so far.

This paper presents a rigorous computer-aided design
method for the class of waveguide components shown in
Fig. 1, where the waveguide structures or filter sections
are combined by open (Fig. 1(a)) or aperture-coupled
T-junctions (Fig. 1(b)): The bandstop resonator cavity fil-
ter (Fig. 1(c)), the E-plane integrated circuit filter with
additional aperture-coupled bandstop cavities (Fig. 1(d)),
the E-plane T-junction diplexer with iris matching ele-
ments (Fig. 1(e)), and the simple ortho-mode transducer
(Fig. 1(f)).

The design method proposed is based on the full wave
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Fig. 2. General six-field component key-building block discontinuities. (a)
T-junction (both E- and H-plane). (b) Rectangular waveguide double-step.
(c) Rectangular waveguide n-furcation (both E- and H-plane).

mode-matching method for the T-junction key-building
block element (Fig. 2(a)) associated with the generalized
S-matrix technique [9]-[12] for composite structures. The
combination with already known key-building block
modal S-matrices, i.e. the double-step discontinuity (Fig.
2(b)) [9] and the septated waveguide section (Fig. 2(c))
[10], achieves the rigorous description of the composed
waveguide circuits in Fig. 1.

The method includes the higher-order mode coupling

effects, the finite thickness of all obstacles, and allows the -

passband and stopband characteristics of the filters or di-
plexers under investigation to be considered in the design.
For comparison, analysis results are presented for the open
E-plane T-junction with a sidearm of reduced cross-
section according to Sharp [3}, and for a slot-coupled
H-plane T-junction given by Das er al. [8]. In contrast to
[8], however, large slot heights may be rigorously in-
cluded in the calculations,

For computer optimization of waveguide components,
the evolution strategy method [10] is applied. Computer-
optimized design examples are presented which demon-
strate the efficiency of the described method: 1) a three-

resonator bandstop filter in the waveguide X-band (8-12 .

GHz) with high peak stopband attenuation, 2) an E-plane
metal insert filter with aperture-coupled stopband resona-
tor sections which achieves an elliptic function behavior
together with high return loss and—in contrast to metal
insert coupled resonators [11]—high attenuation values
over a broad frequency band, 3) an inductively matched
E-band (60-90 GHz) E-plane T-junction metal insert di-
plexer with high return loss and stopband attenuation, and
4) a simple ortho-mode transducer for the separation of

the TE |, and TEy, mode. The theory is verified by mea-
surements at the individual T-junction as well as at com-
posite structures.

II. THEORY

For the rigorous computer-aided design of the filter
structures to be investigated (Fig. 1), the full wave mode-
matching method is applied for a few simple key-building
block elements associated with the generalized S-matrix
technique for composite structures [9]-[12]. Three key-
building block elements (Fig. 2) are required to include
all general cases under consideration (Fig. 1): The gen-
eral T-junction (Fig. 2(a)), the rectangular double-step
waveguide discontinuity [9] (Fig. 2(b)), and the general
rectangular waveguide n-furcation [10] (Fig. 2(c)). The
full-wave (six-field component) mode-matching method
includes the asymmetric case for the double-step discon-
tinuity as well as both the F-plane and the H-plane cases
for the T-junction and n-furcation, Figs. 2. For the cor-
responding inverse discontinuities, merely the corre-
sponding modal S-matrix of the original structure needs
to be transposed [9]-[12].

As the modal S-matrices of the discontinuities in Fig.
2(b) and 2(c) have already been derived in [9] and [10],
merely the T-junction key-building block element (Fig.
2(a)) needs further consideration. The full wave modal
S-matrix of the T-junction is derived by applying the
mode-matching procedure for suitably chosen subregions
(Fig. 2(a)), like in the case of the E-plane T-junction [12],
but now with the full set of TE,,, and TM,,,, modes.

For the waveguide subregion » under consideration, the
fields [13]

1 — —
E'=—VXVXA +V XA,
Jee .

. 1 - o
H = -—V XV XA, +V X A, 0
Jou
are derived from the z components of the electric and
magnetic vector potentials A,, A, respectively,
’ Niy

A = 2 QuTylAue ™ + Bye™™] (%)

Z

Ne
A= 2 0uTuldge ™ = B,e™ ] (2b)

where A;, B; are the still unknown eigenmode amplitude
coeflicients of the forward (—) and backward (+) waves
in z direction, vy, , are the propagation factors of the N,
and N, considered TE,, and TM,,, modes, respectively,
where i stands for p, ¢; Q is a normalization factor, so
that the power carried by each mode is 1 W for propagat-
ing modes, jW for evanescent TE modes, —jW for eva-
nescent TM modes [9]-[12], and T are the cross-section
eigenfunctions

T, = Dqu\/Z cos <B§£ x> Cos <_q;7r y> (3a)
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T, = \/IZ sin <I£ x> sin <%E y>,
a ?

(3b)
with

1
6 is the Kronecker delta, and the wave impedances Z, or
admittances Y,, respectively.
The field in the cavity subregion [V (Fig. 2(a)) is su-
perimposed by three suitably chosen standing wave so-
tutions [12]

v _ v e VG
Ao = A + 4P + 49, @

where solution (1) is obtained if the boundary planes P,
and P; (Fig. 2(a)) are short-circuited and P, is open; so-
lutions (2) and (3) are found analogously.

By matching the tangential field components given by
(1)-(4) at the common interfaces across the discontinui-
tiesz = —z, y€(=y;, ¥1);2 =2,y € (=¥, y); and y
= -y, 2 € (—z,, 21), respectively and utilizing the or-
thogonal property of the modes [13], the still unknown
amplitude coeflicients can be related to each other in the
form of the desired modal scattering matrix of the
T-junction: '

B S 82 S \ A
B" S, Sn S» A" &)
B" Si3 Sy Si/ \4"

where the matrix elements are elucidated in the Appendix.
For deriving the submatrices in the modal S-matrix (5) a
modified algorithm is used which requires only the inver-
sion of the quadratic submatrix ¥

Y = (@M, — apM, + az)”! (©)

with a third of the size of the original matrix of the cou-
pling integrals; the elements in (6) are also given in the
Appendix.

For composite structures the generalized S-matrix tech-
nique [9]-[12] is used, i.e., the direct combination of the
corresponding modal S-matrices of all key-building block
discontinuities and of the intermediate homogeneous
waveguide sections between them. The corresponding
equations for the overall modal S-matrix (S €y of a) two
cascaded two-ports, b) a cascaded two- and a three-port,
as well as ¢) two cascaded three-ports (where each port
may carry N, and N, modes) are for completeness given
in the Appendix. Note that only one matrix inversion of
reduced order is required.

A computer program was written using the preceding
relations and utilizing the evolution strategy method [10]-
[12] for optimizing the .geometrical parameters. For the
field theory CAD of rectangular iris coupled structures,
sufficient asymptotic behavior has been obtained by con-
sideration of TE,,- and TM,,,-modes uptom = 5, n =
4 in the waveguide sections with longer homogeneous di-
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mensions (e.g., in the resonator sections of the filters),
and m = 15, n = 4 in the more critical iris sections. For
discontinuities including merely TE,;-modes, i.e., metal
insert filters, 15 modes have been considered during the
optimization; the final results have been verified by the
inclusion of 45 TE,, modes. For structures with
T-junctions, e.g. the diplexer of Fig. 1(e) TM,,,-modes
up to the order m = 19, as well as TE,,,- and TM,,,,-modes
up to m = 1 and n = 5 have been considered for the
optimization run. The typical computing time for opti-
mizing a five-resonator metal insert filter (like those in
Fig. 8) is about 6h cpu on an IBM RISC 6000; a complete
diplexer (like those in Fig. 9(b)) is optimized within about
10h cpu.

III. ResuLts

For a first verification of the theory, the scattering pa-
rameters of standard E- and H-plane T-junctions in the
waveguide Ku-band (12-18 GHz, WR62 waveguide
housing: 15.799 mm X 7.899 mm) are presented in Fig.
3(a) and (b). Good agreement may be stated between our
theory (solid lines), measurements (A A A) and the cal-
culations (L] [J [J) using the TE},-mode approach for the
E-plane case [12], or the TE,,-mode approach in the
H-plane case [14], respectively. ,

For the example of a WR-137 (34.85 mm X 15.799
mm) rectangular waveguide T-junction, with a reduced
width (WR-90: 22.86 mm X 10.16 mm) side waveguide
(port 3), Fig. 4 shows the comparison between the scat-
tering parameters obtained by our modal-S-matrix method
and by the exact equivalent circuit admittance matrix cal-
culation by Sharp [3] which has been verified there also
by measurements. Good agreement may be stated. The
power coupling mechanism below and above the cutoff
frequency of the side waveguide (at 6.56 GHz) may be
clearly identified. ‘

The H-plane slot-coupled T-junction [8] has attained
considerable interest, e.g., for the applications in slotted
waveguide antennas [15], [16] or cascaded waveguide
sections [17]. For comparison with the variational for-
mulation for narrow slot heights presented in [8], Fig. 5a
shows the scattering parameters calculated with our
method (solid lines) for the X-band example (8-12 GHz,
WR90 housing: 22.86 mm X 10.16 mm) given in [8].
Good agreement may be stated with the calculations of
[8} (O O3 ) for narrow slot heights (d/w = 0.55), cf.,
Fig. 5(a). The slot height d, however, has a considerable
influence on the coupling behavior, as is demonstrated at
the example of the scattering parameter S3; for various
heights d (Fig. 5(b)).

The E-plane slot-coupled T-junction shows a similar
behavior. This is demonstrated in Fig. 6(a) at the example
of the waveguide Ku-band (12-18 GHz, WR62 housing:
15.799 mm X 7.899 mm). Good agreement with the
measured values (0 U [J) may be stated. If the
T-junction is short-circuited (Fig. 6(b)), a bandstop be-
havior is obtained. Also good agreement with measure-
ments ([ [J []) may be shown.
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Fig. 3. Verification of the theory by standard (a) E- and (b) H-plane
T-junctions. Waveguide Ku-band (12-18 GHz, WR62 waveguide housing:
15.799 mm X 7.899 mm). Our theory (solid lines), measurements
(A A A) and the calculations (O U OJ) using the TE},-mode approach
for the (a) E-plane case [12], or the TE, ;-mode approach in the (b) H-plane
case [14], respectively.
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Fig. 4. WR-137 (34.85 mm X 15.799 mm) rectangular waveguide
T-junction with a reduced width (WR-90: 22.86 mm X 10.16 mm) side
waveguide (port 3). Comparison between the scattering parameters ob-
tained by our modal-S-matrix method and by the exact equivalent circuit
admittance matrix calculation by Sharp [3].
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Fig. 5. H-plane slot-coupled T-junction. Scattering parameters calculated
with our method (solid lines) and comparison with the variational formu-
lation for narrow slot heights presented in [8] ([ [ [J). (a) X-band ex-
ample (8-12 GHz, WR90 housing: 22.86 mm X 10.16 mm) given in [8].
Iris thickness ¢ = 1.27 mm, width w = 16 mm, height 4 = 0.8 mm. (b)
Influence of the slot height d: example of a) but 4 = 0.8, 1.2, 1.6, 3,
6 mm.

A waveguide bandstop filter is conveniently realized [2]
using aperture-coupled resonators connected in series and
spaced an odd multiple of a quarter wavelength apart.
Three-quarter intervals, instead of one-quarter spacing, is
preferred [2] in order to reduce the otherwise strong in-
teraction which would cause three peaks of high attenua-
tion, instead of the desired single narrow-band peak. In
order to verify the design theory presented in this paper
also by a more complicated structure, Fig. 7 shows the
calculated and measured insertion and return loss, respec-
tively, of an X-band (8-12 GHz, WR-90 waveguide)
bandstop filter example which has been constructed by us-
ing nearly the same dimensions as given in [2], but with-
out the tuning screws. Good agreement between our cal-
culations and measurements may be stated.

For many purposes, such as for channel filters, when
frequency selectivity and high stopband attenuation over
a broad frequency band are considered to be important
filter properties, it may be highly desirable to improve the
rejection quality of standard direct coupled cavity band-
pass filters by utilizing additional stopband poles, as has
been already realized by metal-insert coupled resonators
[11], dual-mode filters [18], and asymmetric iris coupled
filters [19]. Fig. 8 demonstrates a further design principle
at the example of the computer-optimized results of a
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Fig. 6. The E-plane slot-coupled T-junction. Waveguide Ku-band (12-18
GHz, WR62 housing: 15.799 mm X 7.899 mm). Theory ( ), com-
parisont with measurements (] O (J). Slot width w = 10.3 mm, height
d = 3 mm; thickness r = 2.5 mm. (a) Open T-junction. (b) -Short-circuited
T-junction, cavity height # = 30 mm.
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Fig. 7. Calculated ( ) and measured (] CJ {J) insertion loss of an
X-band (WR-90 waveguide: 22.86 mm X 10.16 mm) bandstop filter ex-
ample. Length between the resonators I = 19.63 mm, height of the outer
resonators h;, = 16.54 mm, of the inner resonator A, = 16.94 mm, iris
thickness ¢ = 0.6 mm, width w; = 12.22 mm, (inner iris w, = 11.63 mm),
height of all irises d = 3.05 mm.

Ku-band (WR-62 waveguide: 15.799 mm X 7.899 mm)
metal-insert filter with additional aperture-coupled band-
stop cavities. The filter shows elliptic-function behavior

with high skirt selectivity similar to the dual-mode ap-

proach of orthogonal mode filters [18], but avoids the dis-
advantage of the relatively small second stopband of the
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Fig. 8. Computer-optimized design results of a Ku-band (WR-62 wave-

- guide: 15.799 mm X 7.899 mm) elliptic-furiction-type metal-insert filter

with additional aperture-coupled bandstop cavities. Comparison with the
single metal-insert filter. (a) Single metal-insert filter: Thickness of the
inserts £ = 0.19 mm; lengths (mid-plane symmetry) 3.111, 9.979, 11.446
mm; lengths of the resonator sections (mid-plane symmetry) 8.955, 8.968,
8.968 mm. (b) Additional iris-coupled stopband cavities: height of the cav-
ities h = 51.537 mm, iris thickness ¢ = 2.106 mm, height d = 1 mm,
width w = 9.807 mm; distance between the cavities and the first and last
metal insert, respectively, I =.9.399 mm. (c) Extended frequency scale of
(b) in order to demonstrate the elliptic function behavior.

metal-insert coupled type [11]; this is due to the reduced
interactions of the aperture-coupled cavities with the main
filter section, in comparison with [11]. Moreover, very
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Fig. 9. Computer-optimized design results of E-plane T-junction coupled
metal insert diplexers. (a) X-band (WR-90: 22.86 mm X 10.16 mm) di-
plexer with three-resonator filters. Comparison of calculated and measured
insertion and return loss. Metal insert thickness £ = 0.19 mm; filter in port
2 (midplane symmetry): metal insert lengths 3.112 mm, 10.077 mm, re-
sonator lengths 17.437 mm, 17.596 mm; filter in port 3: 3.331 mm, 11.210
mm, resonator lengths 14.319 mm, 14.415 mm, (b) E-band (WR-12 wave-
guide: 3.099 mm X 1.549 mm) diplexer with additional matching irises of
optimized dimensions and distance to the first filter section.

good return loss behavior is achieved by this design. This
is demonstrated by comparison with the characteristic of
the pure metal insert filter structure (Fig. 8(a)) which is
nearly maintained in the overall design (Fig. 8(b)).

Fig. 9 show the computer-optimized design results of
E-plane T-junction coupled metal insert filter diplexers.
Very good agreement between the theoretically predicted
values and the measurements may be stated (Fig. 9(a)) for
the realized X-band type coupled with open T-junctions,
where the matching is provided by optimizing the distance
between the first metal-inserts and the T-junction (cf. Fig.
10). Additional matching irises, however, with optimized
dimensions and distance to the first filter sections achieve
diplexers with improved return loss behavior. This is
demonstrated at the E-band (60-90 GHz, WR-12 wave-
guide: 3.099 mm X 1.549 mm) diplexer example pre-
sented in Fig. 9(b) which achieves overall 26 dB return

Fig. 10. Photograph of the fabricated X-band T-junction diplexer (Fig.

9(a)).
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Fig. 11. Computer-optimized design results of a simple ortho-mode trans-
ducer with a square waveguide (15.798 mm X 15.798 mm) input port for
both the orthogonal TE,, and TEy, modes. Port 2: WR-62 waveguide,
15.798 mm X 7.899 mm, port 3: 90° twisted WR-62 waveguide. Septum
length s = 10 mm, thickness ¢t = 3 mm; transformer section heights 10.765
mm, 15.228 mm, and lengths 5.544 mm, 8.636 mm, distance to septum 0
mim.

loss within both pass bands. The photograph of the fab-
ricated X-band T-junction diplexer is shown in Fig. 10.
Fig. 11 presents the computer-optimized design results
of a simple ortho-mode transducer with a square wave-
guide (15.798 mm X 15.798 mm) input port in order to
supply both the orthogonal TE, and TE;, modes simul-
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taneously. The TE o mode is transmitted to port 2 (WR-62
waveguide: 15.798 mm X 7.899 mm), whereas the TE,,
mode is coupled to port 3 (90° twisted WR-62 wave-
guide). Although the return loss for this simple ortho-
mode transducer without additional matching elements is
not very high, good isolation between ports 2 and 3 is
provided since the twisted rectangular waveguide output
ports are below cutoff for the respective orthogonal mode.

IV. CoNCLUSION

The modal S-matrix method described achieves the ac-
curate design of a class of rectangular wavegnide com-
ponents where the waveguide sections, cavities or filter
segments are combined by open or aperture-coupled
T-junctions. Since the theory includes rigorously the E-
or H-plane T-junction effect, large apertures, finite iris or
septum thicknesses and higher order mode interactions at
all step discontinuities, all relevant design parameters are
taken into account in the optimization process. The results
of computer-optimized design examples demonstrate the
efficiency of the described design method: An X-band
bandstop filter with high stopband attenuation, an elliptic-
function-type E-plane metal insert filter with high return
loss and high attenuation values over a broad frequency
band, an E-band E-plane T-junction metal insert diplexer
with high return loss, high skirt selectivity as well as broad
second stopband, and a simple ortho-mode- transducer.
Measured results at single structures as well as at com-
posed components verify the theory given by excellent
agreement. '

APPENDIX
Matrix Elements of the Modal S-Matrix in (5)

Matching the tangential electric field components at the
common interfaces across the three discontinuities leads
to the three unknown resonator amplitudes which may be
expressed by the eigenmode amplitudes in the three ports:

] _ (4, +B) . _(A‘+B‘)
" sin (kI 2z) « = " in (*,2z;)
0 By + 4)) .R" _ +.£B,I,I + /fpl_)
sin (k[I 2z¢) ¢ sin (k12z,)°
p
i _ A" + By _ A + By

(AD)

"~ sin (kayl) ¢ sin (kmz%)

Matching the tangential magnetic field components leads
to the following coupling expressions:

1
Z 1o S 7 III d I IIIRIII
z QP \/—Y—zlJ - hP (x Yk If =
I° 1o III 1, I III
% QII’ i SF Lh (x Yk df K Ry
14
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—

Z III° S ILIII° H(x 9 df KIII IRI,

t‘
=
=

Yy

Z QIIIO S til/z() (x Z)p df KIII HRH, (A2)
¥
with
. rad T, x ¢
7= <g , “>. (A3)
grad T,

Y are the wave admittances, Q the normalization factors
of the form:

= 1 (A4)

2 2\
ab [ [prw qr
—_— p— + —_—
() ()
R are the above represented unknown amplitudes and H
the corresponding magnetic field components. E.g. for the

coupling between the subregions I and II (Fig. 2(a)),
H LICI y for the four coupling cases are given by

TE to TE coupling

m 1./ I m
Hrg g = < th grad Ty, R

+ cos (kyn (=y + y) + L 0'NZy
Jou

© AT}y, Rix sin (ky (=y + yl>)> (A9)
TE to TM coupling
HY oy = QYT grd T, x 7, RY
+ cos (kjg (=y + y) (A6)

TM to TE coupling
Al re = (5 OFVTE gma T3, R
+ cos (kyy (=y + y)) + J— oi'vz

AT}};‘,\ Rjy sin (k%.(ﬂ + J’1))> (A7)
TM to TM coupling
H !l!lIVl —tv = Q'VY, grad Teyrl Rm

- cos (ky(—y + y1)) (A8)

H' and H" are found analogeously.
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where a, b are the corresponding submatrices of the left

and the right side of (A9), respectively.

T I 10
E + j cot k! o b i K B!
- h A J . Il hp
" sin kg, sin Ky Sin Ky
. I LI L1
—FE + jcot kzeq j 1 4 Kelqu K(’(’ql B!
U i J = J = eq
sin k., sin & D sin k1%,
L III 11, Tl
1 K, K¢
; - II . pk . 1epl i
—J T 1 —E + jcotky, —J —J Bhp
sin k , i sin k{l,g,\ sin kig,
IL I 11,111
1 ) K. K.
=] =i —E +jcotk —Jj = - q;n i m,[m Blflq
sin k., sin Ky sin Ky
1, 1 1L, 1 1L, 1 IIL, 1§
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sin & sin & ., sin &, sin k.,
LI L1l
1 Ky K,
. I . . hhpi . hepi 1
—E — jcotky, +i— - - A
z | J o ) it} hp
4 sin K, sin K sin ky,
1,1l 1,01
1 K Ko
—FE — jcot k! + —j A J il Al
e sin k1, sin ki sin 1y, “
11, 11X 11, 11
1 K Ky
, . . . 11
+j 0 —F — jcot k +j P J > Ay
sin K, sin ki,l,fk sin kig, ’
1L, 111 IL111
+j 1 ~FE — jcotk +j Koy +j Keey Al
. I . . €
sin ko, sin k_{,l,ik sin k _{,Ic,l, !
1.1 0L 1 11, 11 11, 11
K hhip . K heiy . K hhip . K hetq E . 111 111
. T —J 1 +j il J = il —L — jcot k_\'hA A
sin k sin K, sin k5, $in ko,
L I IIL 1 T, 11 0L, 1t
) K ehip . K eely 3 K ehiy . K eely . 11 11
—j e - — +j — —E — jcotk,, Ay
sin k., sin ko, sin &, Sin kg,
(A9)
Rearranging of the Equation (A9): Separation of B:
The equation (A9) may be abbreviated by B' = M\B™ + M, A" + M,A" + M,A™
I 1l il
tanB — a8 + anB B" = M,B" + M;A' + M, A" + M, A" (A1)
= +budl + leAH - Q13Am, with:
M, = aj'apai(E — aii'apan'an) 'a,
—a,B' + a,B" — a,B" My = ayanan (E — anananan) axn
—1 —i ~1 -1
—a (E — ajyapa;ian) a
= tand + byA" + gAY, ai (£ — a1 dpdi dn) 4dis
’ M, = ai'anai(E — aj'apar'an) 'a
+ayB' — ay Bt + ay, BY My = apranan (£ — 4114 dn) an
~1 ~1 —1 —1
+ ai (E — anapanan) b
= —ayd + anpd" + byA", (A10)

-1 -1 -1 —1 -1
M; = ajapa) (E — ajpaparapn) by

~1 -1 —1 -1
+ aiy (E — ajapay ap)” an
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M, = ~ay'apai(E - ai'anai'an) 'ap
+ ai'(E - ai'angi'en)axn (A12)
B" = NA' + N, A" + N, A" (A13)
with
Ny = X(—ayM, + anM; — as)
Ny = N—a3M3 + apuM; + axp)
N3 = X(—a3 M, + apMy + by) . (Al4)
and
Y= (+ayM —auM, + ax)”. (A15)
This yields the modal S-matrix:
B' = (M\N, + My)A' + (M\N, + M;)A"
+ (MiN; + M)4™
B" = (M,N, + M)A' + (M,N, + M,)4"
+ (M4N; + M,)A"
B" = N4' + N, 4" + N;4" (A16)
Cascaded Two-Ports a, b:
SGi = 8% + SHSWE — $58%) 'S5
S5 = SHSh + SHSW(E — §5,81)7'858%
S5 = S3(E — §5,51)7'S5,
8% = S3(E ~ $5,51)7'S5,8% + 8% (AL7)

Cascaded Two- and Three-Port:
St + 8hT.85 S0 = $HL8h + SHI,T,

[
DAY

S5 =80 + SHLT,8% 85 =T389

]

85 =S + I:T, S5 = T38%

S5 = 85 + S5T285 S5 = 858 + SHTL,T,

85 = 8% + S5 1,85 (A18)
with ’
T, =E— 8,8 T,=S8Hr;!
T, = 477! T, = §%,5% (A19)

Cascaded Three-Ports a, b:
ST = ST + Ts85 S5 = 85 + TS5

St =8h + T385% 8% =85+ TyS%

¢ _ Qa c _ gQa
213 = _ISI6 §23 - SZ3T6

361
St = 8H1; S5 = 8517
5= §?3T5 31 S S'2’3T5 51
S5 = SHIs8%h S = S1Ts58%
S5 = St + TS5 Sz = 85 + TS5
S5 =8k + TSn Siu =85 + TS5,  (A20)

b ~
T, = 8% + 85 Ts5%8% Ts=S855%Ts
To = 85857

Ty, = §1273I5§g3 (A21)
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